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B. B. CaBHyK (Ih-t MaTemaTHKH HAH yKpaiHH, Khib) 

MHOrOHJTEHH OABEPA 31 CniJIBHHM KOPEHEM 

We describe the two sets of meromorphic univalent functions in the class S, for 
which the sequence of Faber polynomials have the roots with following 

properties respectively: \P'ji^o)\ — 0 < |E„+i( 2 :o)|, n G N, and |Ei(zo)| > 

0 = 1^1 (^o)I- We found an explicit form of Faber polynomials for such 

functions. 

Onucano dei mhomcuhu MepoMopfinux oduoAucmux (pyuKv^iu KJiacy E, Sam 
AK ux nocAidoBHOcmi MHoeouAenie <Pa6epa Mawme, Kopeni eidnoeid- 

Ho 3 manuMU SAacmueocmAMU : \Fo{^o)\ = 0 < |E„+i(2o)|, n G N, i 

|Ei(zo)| > 0 = l^j('^o)|- SnaudeHO aohuu euzAnd MHOZouAeme <Pa6epa 

dAH manux pyunufu. 

BcTyn. Hexaii S — Kjiac (|)yHKLi,iH 



( 1 ) 


HKi e MepoMop4)HHMH i o^HOJiHCTHMH B o6jiacTi D“ := {w G C : |w| > 1}. 

MHoroHjienaMH <I>a6epa (JaynKpii 'll G E nasHBaeTbCH nocjii^OBHicTb 
ajireGpaiHHHx MHoroHjieniB axi BHSHaaaiOTbCH hk Koe4iiii,ieHTH 

posKjia^ 




B CTeneneBnii pa^ Bi^nocHO w b OKOjii HecKinaenHO Bi^aaenoi’ ToaxH 

(flHB., nanpHKaafl, [1, p. 57]). 

MnoroHaenH <I>a6epa Moacna osnaanTH i ^aa ^OBiaBHoi’ MepoMopcja- 
Hoi (jDyHKpil He oGoB’asKOBO o^HoaHCToi'. Taxe osHaaenHa ^aeTBca aa 
;i,onoMoroio pexypeHTHo'i cjaopMyan (ahb., nanpHxaa^, [2, c. 60]): cucme- 
Mom MHozoHAeme 0a6epa MepoMoppHoi’ e ID)“ pyHKvfi 'll, jiku Mae pos- 
KAad (1), Hasueaembcsi cucmeMa .F('Il) := {E)}^g aAzeOpaiHHux mho- 
zoHAeme Fj cmenenji j {Fq(z) = 1, Fi{z) = z — ap) maKux, mo Basi 
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6yd‘h-HKOdo ^ € C z kojkhobo uamypaA'bnoBO j cnpaedofcywm^bCM pieno- 
cmi 

j 

Fj+i{z) + {ao - z)Fj{z) + akFj-k{z)+ juj = 0. (3) 

fc=i 

SayBajKHMO, mo 3 peKypenTHHx piBHOCTeii ( 3 ) fljia flanoi cncTeMH 
MHoroHjieniB {-FjI^q i nocjimoBHOCTi KOMnjieKCHHx hhccji {aj}^Q, Bsa- 
rajii Ka>KyHH, ne BnnjiHBae Toit 4 )aKT, mo nocjimoBHicTb {ojI^q e no- 
cjimoBHicTK) Koe(|)imeHTiB JIopaHa-Tefijiopa MepoMopeJiHoi’ o^hojihctoi 
(J) yHKmi 4 '. 5 lKmo JK poarjiaflaTH osHaaenHa MHoroajieniB <l>a 6 epa, flani 
Ha ocHOBi cniBBmHomeHB ( 2 ) i ( 3 ) na Kaaci E, to bohh piBHOCHjiBHi. 3 a- 
3 HaaHMO TaKOJK, axmo icnye CHCTOMa aare 6 paiHHHx MHoroHjieniB xana, 
mo fl/m aaflanoi' nocamoBHOCxi KOMnaeKCHHx anceji BHKOHyexb- 

ca ( 3 ), TO Taxa CHCxeMa e;i,HHa. 

B HHcaeHHHx aacTOcyBannax MHoroajieniB <l>a6epa, 30KpeMa, b xeo- 
pii HaGjiHJKCHHa anaaiTHHHHx (^ynKpifi KOMnaeKCHOi 3MiHHOi, BajKan- 
BOK) e iHcjDopMapia npo Kopeni n,Hx MHoroHjieniB. /locamacenHaM naxanb 
npo po3MimeHHH, acHMnxoTHHHHH po3noma KopeniB MHoroajieHiB Oa6- 
epa Tomo, npHCBaaeno Garaxo poGix. Bi6aiorpa(J)iio 3 ptoro KOJia aapaa 
MoacHa SHafixH b [3]. 

Mexa paHoi’ po6oxH — onncaHna mhojkhhh (^ynKpifi 'E' G E, pjia hkhx 
xijibKH nepnii n MHoroaaeniB Oa6epa mbioxb opna chmbhhh KopinB a 
xaKOJK OHHcaHHa mhojkhhh 4)yHKmH, pjia axHx yci MHoroaaeHH (I>a6epa, 
noHHHaiOHH 3 peaKoro, i tIjibkh bohh mbioxb o^hh cniatHHH KopiHB. 

Po6oxa HanHcana 3a xaKOio cxomoio. 

B H. 1 paHO OHHC MHOJKHHH (|)yHKpiH 'P G E, HKHX 

J2'j=i l^j(-2=o)| = 0 < \Fn+i{zo)\. TaKOJK OHHcano 4)yHKmi vp, 

HKHX BippiaoK HOcamoBHOCxi MHoronaeniB OaGepa {Fj}JLQ aGiraexb- 
CH 3 BippiaKOM HOcamoBHOCxi MHoronaemB Teftaopa {{z — Q;o)*}^o> ^ 
BippiaoK rn < n — 1, 3 BippiaKOM nocamoBHOCxi aare6paiH- 

HHx MHoroHaeniB, hkI aapoBoabnaioxB xpHaaenne peKypenxHe cniBBip- 
HOHieHHH 3i cxaaHM KoecJ^ipieHxoM. 

B H. 2 HOKaaaHO, mo epHHOio (|)yHKpieio 'E' G E, paa hkoi nocai- 
flOBHicxb J^('E') Mae cniaBHHH KopinB zq noHHHaiOHH 3 MHoronaena F 2 e 
(JjyHKpia ^'(w) =2:0 + wexp((Q;o — zo)/w). 

B H. 3 ananpeHO hbhhh BHraap MHoronaeniB OaGepa (|)yHKpii ^'(w) = 
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zq + wexp((Q;o — zo)/w), a TaKOsc BCTanoBjiCHO ;i,eHKi ix BjiacTHBOCTi. 


1. ^o6pe BiflOMO, mo fljiH 4)yHKii;ii = w + aQ MHoroHjienH Oa6e- 
pa MaroTb BHrjiH/i; Fj(z) = (z—agY, j = 0,1, 2,.... ToMy TOHKa zq = Q^o e 
cnijiBHHM KopeneM Bcix Fj , j = 1,2, .... 3 nacTynnoMy TBep^jKOHni 
posBHHyTO n,e cnocTepesKenHa. 

TeopeMa 1. Hexau € S, = {Fj}J^Q — cucmejua mho- 

zoHACHie 0a6epa (fiyuKuifli 'P, n G N U {oo} i zo G C. Todi nacmynm 
meepdmieHHsi pienocuA'bHi: 

n 

;;^|F,-(zo)| = 0< |i^„+i(zo)|; 
i=i 

OO 

2) ^'(w) = w + zo + ajW~^ V w G D“, |a„| > 0 

j—n 

3) Fj{z) = (z - z^y, j = 0,n i F„+i(z) ^ (z - zo)”+^ V z G C. 
SaysazKeHHa 1. KoecJsipieHTH JTopaHa-Tefijiopa 4)yHKn,ii 'P G S, 

npo HKy iifleTBCH b TBep^jKOHni 2) TeopcMH 1 sa^OBOjibHaiOTB Taxy 

HepiBHicTb [4, p. 139]: 



^^■1 < 


2 

JTT’ 


j = n, 2n. 


LI,iKaBO sayBajKHTH Taxoac (n,e BnnjiHBae 3 (3)), mo flJia Taxoi 4)yHKmi 'I' 


Fj+i{zo) 

j + 1 


j = n, 2n. 


yXoBedeHHH. TBepflJKeHHH TeopcMH 1 e TpnBiajiBHHM npn n = 1, 
TOMy ^ajii BBaacaeMO, mo n > 2. 

/loeedeHHsi ”1) =J> 2)”. SriflEO 3 (3) 


1-1 

-{j + l)aj = Fj-+i(zo) + (ao - Z[i)Fj{zQ) + ^ Q;fcFj_fc(zo), J ^ N, 


;i,e (i CKpisb /lajii) cyMH BHrjiH/iy m < n noKjia/iaiOTbCH piB- 

HHMH HyjIK). 
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IIpaBa nacTHHa ocTanHboi piBHOCTi ^opiBHioe nyjiio fljia Bcix naTy- 
pajiBHHx j < n — 1, flo Toro jk Fi{z^)) = Zq — = 0, TOMy uq = Zq i 

aj = 0, j = l,n — 1. 

OcKijiBKH |i^„+i(2:o)| > 0, TO |a„| = (n + 1)“^|F„+i(2:o)| > 0. 
/JoeedeHH^ ”2) =^> 3)”. SriflHO 3 (3) 


Pj{zo) = {z- zo)Fj_i{z), j = l,n 


Fn+l{z) = {z - Zo)Fn{z) - {u + !)«„. 

Othcc, 

Fjiz) = (z - zoY, j = 0,n 

F„+i( 0 ) = (z - zo)”+' - (n + l)a„ ^ (z - zoT+Y 
lMnjiiKav,iM ”3) 1)” e ohobhahoio. 


IIoBepTaiOHHCb flo xeopeMH 1, aayBajKHMO, mo ^jih 4)yHKn,iH ^'(w) = 
w + q;o + i TijiBKH fljiH HHx nepmi n MHoroHjicniB Oa6epa 

36iraiOTBca 3 nepniHMH n MHoroajienaMH Tefijiopa (z — ag)^, axi aim 
noBmaiOTB (|)yHKn,ii w w + ao- ^ 3B’a3Ky 3 n,HM npnpoflHO BHHHKae 
naxaHHa npo onHcanna 4)yHKn,iH 'E' € S, flJia axHX nepmi n MHOronjieHiB 
OaGepa 36iraiOTbca 3 inmniviH flo6pe BiflOMHM nacTHHHHMn BHna;i,KaMH 
MHoroajieniB <I>a6epa, nanpHKjia^, 3 MHoronjicnaMH HeGnmeBa. 

HacTynne TBep^^acenna onncye ^eaxi 3 xaxnx BnnaflKiB. 

TeopeMa 2. Flexau 'E' S E, — cucmeMa mhozo- 

HAenie Oa6epa cfiyuKi^ii 5', Zq G C, m, n G N U {oo}, m < n — 1. Todi 
Hacmynni meepdotceHHM pienocuAmi: 

n 

1) X! = 0 < \Fm+l{zg)Fn+l{Zg)\] 

j = l, 

j^m + 1 

OO 

2) '^{w) = w-\- V7(;€0“, |amCKn| > 0; 

j^n 
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3) 


{{z-z,y+\ 




{z - - (to + l)am, 

(z ZQ)Fj{^Z^ CXrnF j —mi^Z^ ^ 


j = 0 ,TO - 1 , 
j = m, 


j = m+ l,n — 1, 


3 

{z-zo)Fj{z)-amFj-m{z)-'^ akFj^k{z)-jaj,j > n. 

k—n 


/XoBedeuHsi e ii;ijiKOM anajioriHHHM flo flOBe^ennH TeopcMH 1. ToMy 
OKpecjiHMO jiHine ftoro KjiiOHOBi MOMenTH. 

5Ikiii,o cnpaBfljKyeTBca TBepflacenHa 1), to aa TCopeMOio 1 aj = 0, 
j = l,m - I i Fj{z) = {z- aoy j = I, m. ^ajii, ari^HO a (3) Fm+i {zo) = 
-(to + l )am 0 i 0 = F j+i{zo) = - ECL J = 

TO, n — 1, to6to Qfj = 0, j = to + 1, n — 1. 

Ha niflCTaai pHx 4)aKTiB yci peKypcHTni (|)opMyjiH b TBepflaceHni 3) 
BHnjiHBaiOTb ia 4)opMyjiH (3) i naBnaKH. 


ripHKJia^ 1. Hexait b yMOBax TeopcMH 2 am = 1/to, to6to 

^ OO 

'^(w) = w -\ - 1 - ajW~\ TO e N. ( 4 ) 

mw™ 

j=n 

BiflOMO, mo cjayHKpia 4'(w) := w + 1/(to'u;"‘) afliftcHioe KOH4)opMHe Biflo- 
6 pajKeHHH o 6 jiacTi D~ na aoBHininicTb TO-rinopHKjioi'flH a to + 1 tohkoio 
aBopoxy (flHB., nanpHKjiafl [5, c. 295]). 

xaKoi' (JjyHKpii b [6] o.ii,ep}KaHO hbhhh Bnpaa fljia cncxeMH 
MHoroHjiemB OaGepa .F('I'): 


^ [i/(m+l)] 

F 3 {F)=j 


(-l)^r(j - mk) j-{m^x)k 


fc =0 


r(j — (to + \)k + l)TO''fc! 


, j e N, 
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j = 0 mod(m + 1), 


- j = l mod(m+l), l = l,m, 

m + 1 

i r(-) — raMMa-4)yHKii;iH Efijiepa, a b poGoiax [7, 8] noKasano, mo Bci 
Hyjii MHoroHjieniB Fj jiejKaTb na npoMenax, mo a’eflnyiOTb TOHKy 0 3 
BepniHHaMH m-rinopHKjio'mn. 

SoKpeMa, npH m = 1 oGjiacTio anaHenB 4)yHKmi 'I' e Bca KOMnjieKcna 
njiomHHa 3 po3pi30M B3flOB}K Bmpi3Ka [—2, 2], to6to d>(II)“) = C\[—2,2]. 
OTace, 

Tj — MHoroajieHH HeGnmeBa (ahb., nanpHKjia^, [9, p. 56, 57]). 
TaKHM HHHOM 3rmHO 3 TeopcMOio 2 fljisi (|)yHKmi BHSHaaeHoi' pis- 

HicTK) (4), Fj{z) = Fj{z), j = Om- _ 

MnoroHjiCHH OaGepa Fj , po3rjiaHyTi b npHKjiam 1, npa j = m + l,n 
yTBopioiOTb nmKjiac ajiredpaiHHHx MHoroHjieniB, mo nopoflacyiOTbca, 
Tax 3BaHHMH, TpHHJieHHHMH peKypCHTHHMH cniBBmHomeHHaMH. Taxi 
MHoroajieHH BmirpaiOTB BaacjiHBy pojib b GaraTbox poa^ijiax cyaacnoro 
anajiiay, soxpcMa, b acHMnTOTHHHiii Teopii’ opToronajibHHx MHoroHjicniB 
i b Teopii’ anpoxcHMamit EpMiTa-na,zi,e. IJ)hm Ta ininaM acnexTaM Teopii 
npHCBaaena poGoTa [10]. 

2. PoarjianeMO Tenep aa^aay npo onucanuH mhomcuhu ^yuKti^iu d' G 
E, dAsi jiKux icHye npunauMHi odna mouna zq G C maKa, lyo Bam deAKozo 
HamypaAhHozo n 

n oo 

^|F,(zo)|>0= ^ \F,{zo)\. (5) 

j=l i=n+l 

HacTynne TBepflacenna flae po3B’a30x nocTaBjienoi aa^aai y BHna.ii,xy 
n = 1. 

TeopeMa 3. Hexau 4^ — MepoMop^na e D“ ^ynnym euzAsidy (1), 
= {Fj}'j^Q — cucmeMa MHozouAeme QaOepa cfiyuKyiii zo GC. 

Todi: 
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1) Bam mozo iu,o6 cnieeidHomeHHM (5) euKOHyeaAocH npu n = 1 Heo6- 
xidno i docmamm>o, w,o6 zq ^ ag i 


.j.f \ , ( 0^0 — Zg\ (ao — -j 

^'(w) = zo + wexp - \=w + ao+y —— w-^; (6) 

\ w J ^ U + 1)' 

2) (^ynnyiA 4*, aadana ^opMyAow (6), e odnoAucmom modi i miAwn 
modi, KOAU |ao ~ Zo| < 1. 

HacjiiflOK 1. Hexau 'F — (fiyuKym McpoMoptfina e D“ i — 

cucmeMa MHozoHAeme (Padepa (fiyuKyii . Hkiu,o zg — mouKa, Bam mkoi 
euKonyemhCM cnieeidHomeHHA (5) npu n = 1, mo eoua eduna. 

CnpaBfli, piBHHHHH F 2 {z) = {z — agY — (zg — agY = 0 Mae ;i,Ba 
Kopeni: zi = zq: Z 2 = 2ag — zg. ToMy inmoio tohkoio, ^jih skoi mo- 
jKe BHKOHyBaTHCH cniBBi^HOincHHa (5) e tIjibkh TOHKa Zg := 2ag — zg. 
Ajie b TaKOMy BnnaflKy fljia Bcix w G D“ Majia 6 BHKonyBaTHCH pis- 
nicTB exp((Q;o “ Zg)/w) = exp(—(ao ~ zg)/w), mo neMOJKjiHBO, ockIjibkh 
Zg ^ OLg. 

SayBaxeHHH 2. 5Ik Gy^e bh^ho 3 flOBCflenHa TeopcMH 3, yMOsa 
lao ~ zo| < 1 e KpHTepieM Toro, mo 4)yHKmH aa^ana 4)opMyjioio (6), 
e sipKOBOK) BmHOCHO TOHKH Zg, to6to, mo oGjiacTb C \ 'I'(D“) — zo e 

aipKOBOK) BmHOCHO HonaTKy KOopflHHaT. 

JHoeedeHHH. 1). Hexaii F^izg) = Fg{zg) = ... = 0 i zg ^ ao. Tofli 
aacTOCOByiOHH 4)opMyjiy (3) nocjimoBHO ^jih j = 1,2,... npn z = zg, 

OTpHMaeMO piBHOCTi 


0 + (ao — zo)(zo — ao) + 2ai — 0, 


0 + (ao — Zo)-0 + ai (zo — ao) + 3a2 — 0, (7) 

0 + (ao — Zo) -0 + ai -0 + a2(zo — ao) -0 + 4a3 = 0 


i T. fl. 

SBiflCH BHHJIHBae, mo 
(zo - ao)^ 


(zo - ao)^ 


(zq - gp)^ 

2-3-4 


ai = 


2 


a2 — 


2-3 


as — 
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OT»ce, 

T / \ (^0 - _ ■ 

^'(w) = w + ao + 7 — — —T-n —w \ 

(j + 1)' 

HaBnaKH, hkiii,o (|)yHKLi,ia Mae BHrjiH/i, (6) i zq ao, to 6y;i,yTB 
BHKOHyBaTHCH piBHOCTi (7), HKi 3ri;i,H0 3 4)opMyjiaMH (3) ii flOBOflHTt, 
iqo ^2(20) = ^3(20) = ... = 0 . 

3ayBa»cHMO, mo axmo jk BHKOHyeTBca (5) npa n = 1 i 4)yHKii,ia 
S S, TO BHCHOBOK npo I'l BHrjiafl MOJKHa 3 po6hth 6e3nocepeflHbo 3 
piBHOCTi (2). CnpaBm, b TaKOMy Bnna^Ky po3Kjiafl (2) b OKoai necKin- 
aeHHO BimiaJieHOi tohkh Ha6yBae BHraa^ 

w 

IlpHnycTHMO, mo zo = ^'(wo) flJia flcaKoro wq S ID”. Tom JiiBy aacTHHy 
piBHOCTi (8) MOJKHa nepcHHcaTH y BHraam 

w w — Wo \ w y 

3BmKH BHHaHBae, mo npH BHaaeHHHx w 3 OKoay wq aGcoaiOTHa BcaHHHHa 
aiBoi aacTHHH pisHOCTi (8) 3a paxynoK flOflaHKa ln(l — wq/w) mojkc 6yTH 
HK 3aBroflHO BcaHKOK), B Toii aac hk npaaa aacTHna (8) e oSMeaceHOio. 

OTpHMana cynepeanicTb ^oboahtb, mo piBnicTb (8) cnpaBfljKyeTbca 
PfHsi Bcix w S ID)“ i hc icnye Taxoro wq € D“, mo6 zq = '^(wo). 

OTHce, HcoflMiHHO Zo G C \ 5'(D“) i 

T(t(;) = Zo + w^exp, wGID”. 


2J. Hexafl: (J^ynKpia T, Bapana 4)opMyaoio (6), e opHoancTOio. 

Topi 3ripHO 3 BipoMOio OBnaKOio opnoancTOCTi (phb. [11]) cnpaap- 
jKyeTBca cniBBipHoniCHHa 


A(T) := sup 



1 ) 


w 


T"(u;) 




< 6 . 
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OcKijIbKH 

-r// \ W — X f X\ T,,/ \ ^ f 

(w) =-exp 1 — , (w) = — exp — , w e D , 

w \W J V"*^/ 


Ae A := ao - zq, to 


6 > ^(5') > (i?2 


1 ) 


^giargA (^giargA _ X) 


= {R^ 


1 ) 


|AP 

RR-\X\ 


V R>1, 


SBiflKH H BHHJIHBae, II],0 |A| < 1. 

^OBefleMO Tenep ^ocTaxHicTB yMOBH | A| < 1 ^jih oflHOJiHCTOCxi (|)yHK- 
pii 'I'('u;) = zq + w ex.p{Xw~^). 

SposyMijio, mo oflHOJiHCxicxB (JaynKpii e piBHOCHjibHOio o^hojih- 
cxocxi 4)yHKn,ii w ('I'('u;) — Zq). ToMy, ne BxpanaiOHH aarajiBHOCxi, 
noKjia^aeMO zq = 0. 

HacnpaBm, b namoMy Bnna^Ky npo 4 )yHKn,iio MOJKna cxBep^HXH 
6 ijiBme. A came, cjDyHKpia e sipKOBOio b D“, a oxjKe i o^hojihcxoio. 
y pbOMy jierKO nepeKonaxHca aa ^onoMoroio xaKoro KpHxepia (ahb., 
nanpHKjia^ [1, p. 42]): rojiOMop(J)Ha (JaynKpia: 'P e sipKOBOio b D“ xopi i 

xijIBKH XOpi, KOJIH 


B(^) := inf Re 

wGB>~ 


^'(w) 

’l'(w) 


> 0 . 


MaeMO 


B('i') = inf Re —- = inf ( 1 — 

ujgD- W jueD- 


= 1-|A| >0, 


mo H flOBopnxB aipKOBicxB i opHOJincxicxb 4)yHKn,iT 4'. 


3. HanepeMO xenep peaxi BaacxHBOCxi MHoronaeniB Oa6epa 4)yHKn,ii 
4^, aapanoi' 4)opMyaoio (6). 

PoanoaneMO a xEeppacenna, b aKOMy pano aBHHit Bnraap mhopo- 
aaeniB OaGepa xaKOi (|)yHKpii. 
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TeopeMa 4. Hexau ^'(w) = 'q + w exp {^), 77 , A € C, |A| < 1 i ^(4') 
— cucmeMa MHozouAeme 0a6epa Todi 


Fi{z) = z-rj-X, 




-fc-i 


fc=i 


(J - k)\ 


(^-77)^ j >2,0° = 1. 


/l^oBedeHHH. TeopeMa e OHeBHflHOio y BHna7i,Ky, kojih A = 0, TOMy 
7i,ajii B flOBe7i,eHHi peii BnnapoK BHKjiiOHaeMO. 

Hexaii $ := 4'“^ — (|)yHKpia:, oGepnena po 4'. 3a TeopcMOio 2 (JjyHK- 
pia 47 e opHOJiHCTOK) b D“ , TOMy 4> e BHanaHeHOio i ophojihctok) b oGjiacTi 
47 (D-). 

^o6pe BipoMO (pHB., nanpHKjiap, [2], c. 53), ipo MHoroHjienH Oa6e- 
pa Fj 4)yHKpii 4* sGiraiOTtCH 3 npaBHjiBHOio nacTHHOio (TeftjiopiBCBKOio 
nacTHHOK)) (|)yHKpii b posKjiapi b pap Jlcpana b OKOjii HecKinHenHO 
BippajieHoi' tohkh, toGto 

{-^{z))^ =Q,{z) + F,{z), j = l,2,..., (9) 

pe Qj{z) = 0{l/z), \z\ 00 . 

SnaftpeMO hbhhh BHrjiap (|)yHKpii 4>. JXasi ptoro npn poBijibHOMy 
(|)iKCOBaHOMy z € 47(0“) poarjianeMO piEHSHHa BipnocHO w: 

z = rj + w exp 



OcKijiBKH ?7 ^ 47 (D ), to ocTanne piBHHHHa piBHOcnjibne TaKOMy 


A 

-exp 

w 



A 

z — rj 


Po 3 B’a 3 KH pboro piBHaHHa Maioxb Bnraap 


w = -- 


W - 


A A’ 


Z — Tf 


( 10 ) 


pe IT — (|)yHKpia JlaMGepxa, axa 03HaHaeTbca ax oGepnena 4)yHKpia po 
(JjyHKpii w I—we™, toGto W{we‘^) = w (pne., nanpHKjiap, [12]). 
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OyHKi^iH W e 6araT03HaHH0io 3 po3rajiy}KeHHHM b tohu,! —e~^ i 
MejKeio 0^H03HaHH0CTi rijiOK — npoMeneM (—cx), — e“^]. Ajie ockIjibkh 
—\/{z — rf) ^ (—oo, — e“^], TO b npaBiii nacTHHi (10) OepcMO rojiOBHy 
rijiKy Wo 4)yHKii;ii JTaMGepTa. 

TaKHM HHHOM, 


$( 2 ) 




( 11 ) 


Z-T], 


OcKijiBKH, HK noKa3aHO B [12], fljiH 6yflB-HKoro pijioro j 


iWo{t)y 


+00 




{k-jV- 


\t\<e-\ (0/0=1), 


TO 3 riflHO 3 (9) i (11) 


F,iz) = {-xy Wo - 


z — rj 


- Qjiz) = 




k=-j 

mo H noTpi6HO 6yjio ^obccth. 


(fc +j)! 


Z — T] 


(0° = 1), 


Po 3 rjiHHeMO oa^any 3 [13, p. 57] npo hbhhh BnrjiHfl ajireGpaiHHHx 
MHoroHjieniB Pj , hkI nopomKyroTBca TBipnoio cjDyHKpieio 


K{z,t) 


m 

1 - zg{t) ’ 


Ae A{t) = J2kLo<^kt’^’ l“ol > 0 i g{t) = J2T=i9kt^, \9i\ > 0 — 4)yHKmi, 
rojiOMOp(J)Hi B Kpy3i D := {t G C : ]t| < 1}. 

HAeTbCH npo noGjiiflOBHicTB ajireOpaiHHHx MHoronjieniB {Pj}/^g, 
SKHX cnpaBAJKyeTbCH piBnicTB 


K{z,t) = Y.pyzW 

1=0 


( 12 ) 
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npH flCHKOMy (|)iKCOBaHOMy z p/isi Bcix t b OKOJii 0, a TaKOJK npo BHana- 
HeHHH o6jiacTi x D Bcix tbkhx flonycTHMHx SHaHCHb {z,t). 

TeopeMa 5. Hexau A{t) = 1, g{t) = tex.p{—Xt), A G C, |A| < 1. Todi 
pienicmh (12) cnpaedatcyem'bCM Bah ecix {z,t) G Ai x D, deO. — sipKoea 
eidnocHo moHKu 0 o6Aacmt> 3 MCMcew F := {(^ = exp(Ae“*^) : 9 G 
[0,27r]}, 

3 

j = 0,1,2,..., 

fc =0 

i F}^ — MHoeoHACHu 0a6epa (pyHKVfli{w) = wexp 

/loBedeHHH. 3a TeopeMOio 3 i sayBajKeHHHM 2 (JsyHKpia 'F e sip- 
kobok), to6to oGjiacTB r2:=C\'I'(D“)e aipKOBOio Bi^HOCHO tohkh 0. 
SpoayMijio TaKOJK, mo KpHBa F e mojkoio o6jiacTi O. 

Hexafl: z G Tom npoflH4)epeHn,iiOBaBmH BiflHOCHO w piBnicTb (2), 
OTpHMaeMO .ii,o6pe BmoMe cniBBmHomeHHH 


'^{w) — z 


OO 


'^Fj(z)w \ 
3=0 


(13) 


B sKOMy pa.li, BiflHOCHO w sGiraeTbca piBHOMipno i aOcoaiOTHO b oOjiacTi 

D-. 

3 flpyroro 6oKy p/isi Bcix z G 11 i w G D“ 

'^'(w)w 
^(■u;) — z 


-A 


w 


-K\ z,- 
w 


OTace, sa npaBHjiOM MHoacenna CTeneneBHx pafliB fljia 6y.zi,b-aKoro 
z G H i i G D \ {0} MaeMO piBHOCTi 


K{z,t) 






\k=0 


= ±(±X^-^F,iz))F, 

j=0 \k=0 / 
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mo ft noTpi6HO 6yjio ;i,OBecTH. 

06jiacTi> O He MOHcna posninpHTH ne SMiHHBniH oGjiacTb D. Y pBOMy 
jierKO nepeKOHaTHCH sayBasKHBniH Taxe. 

IIpHnycTHMO z G r, to6to z = 'I'(wo) fl/isi flesKoro wo,|wo| = 1. 
Tom TOHKa Wo e oco6jihboio tohkok) fljia pam^ b npaBift nacTHni (13), 
mo yHeMOJKjiHBjiioe Bci bhchobkh, apoSjieni BHme. 

TeopcMy flOBe,zi,eHO. 

TeopeMa 6. Hexau 'I'(w) = wexp(;^), A G C, |A| < 1 i — 

cucmeMa MHozoHAeme 0a6epa cfiyHKit^n. Todi 

zF'{z)=jY,^^~''Fk{z), j =0,1,2,.... (14) 

fc =0 


/^oeedenusi, 3a Teopeivioio 5 /ijih 6y7i;b-HKoro z G i w G 


3=0 


A 

It; exp I — 
w 


1-exp — 


= 1 


w 

z 


w exp 


w exp \ \ — z 

w . 


(15) 


3 .ii,pyroro 6oKy BHacjiiflOK flH(|)epeHmiOBaHHH (2) BmnocHO z (ahb. 
THKOJK [2, c. 129]) cnpaB^HcyeTBCH piBnicTb 


'^{w) — z 


°° F'(z) 

= ^ —F — w~^ \/ z G ^,w G 


w exp — — z i=i 

w , 


J 


(16) 


IlmcTaBHBmH (16) B (15) i spiBHaBniH Koe(J)mieHTH npn w ^ b po3- 
Kjiaflax B o6ox aacTHnax, 3a TeopeMOio 5 OTpHMaeMO (14). 
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